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Abstract
We prove the equivalence of weak solutions and entropy solutions of an elliptic–parabolic–
hyperbolic degenerate equation gðtÞt  DbðuÞ þ div fðuÞ ¼ f with homogeneous Dirichlet
conditions and initial conditions. As a result of the equivalence, we obtain the L1-contraction
principle and uniqueness of weak solutions of elliptic–parabolic degenerate equations.
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1. Introduction
Let O be a bounded open set in RN ; NX1; with Lipschitz boundary @O and let
T > 0: Given an fAL1ðQÞ (where Q ¼ ð0; TÞ  O) and a g0AL1ðOÞ consider the
initial-boundary value problem
ðEðb; g;fÞ; g0; f Þ
@gðuÞ
@t  DbðuÞ þ div fðuÞ ¼ f in Q;
bðuÞ ¼ 0 on ð0; TÞ  @O;
gðuÞð0; Þ ¼ g0 in O;
8><
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where
(H1) g; b :R-R are continuous and nondecreasing functions satisfying gð0Þ ¼
bð0Þ ¼ 0; and f :R-RN is a continuous function satisfying fð0Þ ¼ 0:
There exists a vast literature on problems of this type. A number of different
notions of solutions for these problems have been introduced, and the existence
and uniqueness of such solutions has been studied by many authors (cf. e.g.,
[1–9,12–17]).
Throughout this paper, we always assume that fAL2ð0; T ; H1ðOÞÞ-L1ðQÞ;
g0AL1ðOÞ and g0ðxÞARðgÞ for a.e. xAO: Let us ﬁrst recall from [8] the deﬁnition of
weak solution of ðEðb; g;fÞ; g0; f Þ (which we simply denote by (E) if there is no
confusion).
Deﬁnition 1.1. A weak solution of (E) is a measurable function u satisfying
gðuÞAL1ðQÞ;
@gðuÞ
@t
AL2ð0; T ; H1ðOÞÞ;
bðuÞAL2ð0; T ; H10 ðOÞÞ; fðuÞAðL
2ðOÞÞN ;
@gðuÞ
@t
 DbðuÞ þ div fðuÞ ¼ f in D0ðQÞ;
gðuð0; xÞÞ ¼ g0ðxÞ a:e: in O:
For the existence of a weak solution we refer to [1,4]. Due to the possible
degeneracy of b and g; in general, one cannot expect that weak solutions of (E) are
unique. To prove the uniqueness, Carrillo [8] introduced the following notion of
entropy solution for (E) as in [13] and obtained the L1-contraction and uniqueness of
entropy solutions of (E).
In what follows, H denotes the multi-valued function deﬁned by HðrÞ ¼ 0 if
ro0; Hð0Þ ¼ ½0; 1
; HðrÞ ¼ 1 if r > 0 and we denote by Hj ; j ¼ 0; 1; its single-valued
section which takes the value j at r ¼ 0:
Deﬁnition 1.2. An entropy solution of (E) is a weak solution u satisfying
Z
Q
H0ðu  sÞfrbðuÞ  rx ðfðuÞ  fðsÞÞ  rx
 ðgðuÞ  gðsÞÞxt  f xg dt dx
p
Z
O
ðg0  gðsÞÞ
þxð0Þ dx ð1:1Þ
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and
Z
Q
H0ðs  uÞfrbðuÞ  rx ðfðuÞ  fðsÞÞ  rx
 ðgðuÞ  gðsÞÞxt  f xg dt dx
X
Z
O
ðg0  gðsÞÞ
xð0Þ dx ð1:2Þ
for any ðs; xÞARþ  CN0 ð½0; TÞ  %OÞ
þ and for any ðs; xÞAR CN0 ð½0; TÞ  OÞ
þ: Here,
rþ ¼ maxfr; 0g; r ¼ minfr; 0g; Rþ ¼ ½0;NÞ and Xþ denotes all nonnegative
functions which belong to X ; where X ¼ CN0 ð½0; TÞ  %OÞ or X ¼ C
N
0 ð½0; TÞ  OÞ:
On the other hand, Bre´zis and Crandall [6] has proved the uniqueness of weak
solutions of the equation of porous medium type, that is ðEðb; I ; 0Þ; u0; f Þ; where
IðrÞ ¼ r for all rAR and u0AL1ðOÞ: Their idea of the proof is to apply ðI  eDÞ
1 to
the difference of equations and this technique requires the use of the existence theory
(nonlinear semigroup theory) to get the L1-contraction for weak solutions. However,
to our knowledge, it is unknown that a weak solution of the porous medium
equation is indeed an entropy solution in the sense of the above deﬁnition. Thus, it is
worthwhile to ask whether or not a weak solution of (E) indeed becomes an entropy
solution of (E). If this is true, then we can prove the L1-contraction and uniqueness
of weak solutions for the porous medium equation without the use of existence
theorem.
The purpose of this paper is to investigate the equivalence of weak solutions and
entropy solutions under the additional assumption on the ﬂux f:
Assumption (H2) below imposes that f must be afﬁne with respect to gðuÞ in the
region where bðuÞ is constant. However, owing to the condition that fð2ÞðbðuÞÞgðuÞ ¼
0 whenever bðuÞ ¼ 0; we cannot take b identically zero. In fact, if b ¼ 0 and g ¼ I ;
then under assumption (H2), problem (E) becomes a linear hyperbolic conservation
law with no boundary condition. Since it permits inﬁnitely many solutions, in
general these solutions cannot be entropy solutions. We shall see (Corollary 2.3
below) that an entropy solution of the scalar conservation law
@u=@t þ div fðuÞ ¼ f ð1:3Þ
is obtained as the limit of solutions of initial-boundary problems for parabolic
equations.
On the other hand, for (1.3) together with initial conditions and inhomogeneous
Dirichlet conditions, Otto [16] has introduced the notion of an admissible weak
solution which is constructed by the method of vanishing viscosity, and has obtained
existence and uniqueness results. Thus, our entropy solution of ðEð0; I ;fÞ; u0; f Þ is an
admissible solution, in the sense of Otto, of (1.3) with ‘‘homogeneous’’ Dirichlet
condition. The converse is an immediate consequence of an equivalent formulation
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of the admissible solution (see [14, Theorem 7.31]). Consequently, these notions of
solutions of (1.3) are equivalent.
2. The main result
We assume the following additional condition.
(H2) There exist functions fð1Þ;fð2ÞACðR;RN Þ and constants C; r0 > 0 such that
fð1Þð0Þ ¼ 0; fð2ÞðbðrÞÞgðrÞ ¼ 0 if bðrÞ ¼ 0; ð2:1Þ
fðrÞ ¼ fð1ÞðbðrÞÞ þ fð2ÞðbðrÞÞgðrÞ; rAR; ð2:2Þ
jfðrÞjpCbðrÞ2 for jrjXr0: ð2:3Þ
Remarks. (a) It is easy to check that (2.3) follows from the following condition:
jfðrÞjpCjbðrÞj for jrjXr0: ð2:30Þ
(b) It might seem that the second condition in (2.1) is technical and insigniﬁcant
but, as mentioned above, it cannot be removed from our assumption.
Our main result is the following theorem.
Theorem 2.1. Assume that (H1) and (H2) hold. Then any weak solution of (E) is an
entropy solution.
As a direct consequence of the above theorem, we ﬁnd that a weak solution of the
equation of porous media type is indeed an entropy solution. Moreover, by virtue of
[8, Corollary 10] we have the following comparison theorem for weak solutions.
Thus, we extend the result in [6] in the case of bounded domain.
Corollary 2.2. Assume that (H1) and (H2) hold. Let gi0AL1ðOÞ; gi0ARðgÞ and
fiAL2ðð0; TÞ; H1ðOÞÞ-L1ðQÞ: Let ui be a weak solution of (E) with f ¼ fi and g0 ¼ gi0
for i ¼ 1; 2: Then
Z
O
ðgðu1ðtÞÞ  gðu2ðtÞÞÞ
þ dxp
Z
O
ðg10  g20Þ
þ dx þ
Z t
0
Z
O
kðf1  f2Þ dx dt
for some kAHðu1  u2Þ:
Also we can deduce from the above theorem the fact that an entropy solution of
(1.3) is obtained by the method of vanishing viscosity.
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Corollary 2.3. Let jAC1ðRÞN ; jð0Þ ¼ 0; u0ALNðOÞ and fALNðQÞ: Let u be an
entropy solution of ðEð0; I ;jÞ; u0; f Þ: Let fuc0g and ff
cg be sequences in C10ðOÞ and
C1ðQÞ; respectively, such that limc-N uc0 ¼ u0 in L
1ðOÞ and limc-N f c ¼ f in L1ðQÞ:
Let e > 0 and let ue;c be a weak solution of ðEðbe; I ;jÞ; uc0; f
c), where beðrÞ ¼ er: Then we
have
lim
c-N
lim
e-þ0
sup
tA½0;T 

Z
O
jue;cðt; xÞ  uðt; xÞj dx
( )
¼ 0:
Proof. In (H2) we set fð1Þ ¼ 0 and deﬁne fð2Þ by fð2ÞðrÞ ¼ e
r
jðreÞ if ra0 and f
ð2ÞðrÞ ¼
j0ð0Þ if r ¼ 0: Then, fðrÞ ¼ fð1ÞðbðrÞÞ þ fð2ÞðbðRÞÞr ¼ jðrÞ for all rAR: By Theorem
2.1 a weak solution of (Eðbe; I ;jÞ; uc0; f
c) becomes an entropy solution. Moreover, we
can obtain the estimates (e.g. see [14, Theorem 8.4]):
sup
Q
jue;cðt; xÞjpCc
and
sup
tA½0;T 

Z
O
ðjð@ue;c=@tÞðt; xÞj þ jrue;cðt; xÞjÞ dxpCc;
where Cc is a constant which does not depend on e: According to the Arzela`–Ascoli
theorem, this implies that for each c there exist a function ucACð½0; T 
; L1ðOÞÞ and a
sequence feng of positive numbers such that limn-N en ¼ 0 and limn-N uen;c ¼ uc in
Cð½0; T 
; L1ðOÞÞ: Then it is easy to see that uc is an entropy solution of
ðEð0; I ;jÞ; uc0; f
cÞ: By the uniqueness of entropy solutions we actually have that
lime-þ0 u
e;c ¼ uc in Cð½0; T 
; L1ðOÞÞ: From Corollary 2.2 we obtain
jjue;cðtÞ  uðtÞjjL1ðOÞpjjue;cðtÞ  ucjjL1ðOÞ
þ jjuc0  u0jjL1ðOÞ þ
Z t
0
jjf cðtÞ  f ðtÞjjL1ðOÞdt;
which implies the conclusion. &
3. Proof of the main theorem
We begin with the following lemma which is an evolutional version of
[8, Lemma 2].
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Lemma 3.1. Let eARN ; FAL2ðQÞN and G0; G1AL1ðQÞ: Let u be a measurable
function on Q such that gðuÞAL1ðQÞ; @gðuÞ=@tAL2ð0; T ; H1ðOÞÞ and gðuð0; xÞÞ ¼
g0ðxÞ a.e. x in O: Suppose that there are m0; m1AR with m1om0 such that the following
inequality holds with s replaced by mi and G replaced by Gi; i ¼ 0; 1:Z
Q
fðgðuÞ  gðsÞÞþðxt þ e  rxÞ þ F  rxþ Gxg dt dx
p
Z
O
ðg0  gðsÞÞ
þxð0Þ dx ð3:1Þ
for any xADþT ; where
DþT ¼ C
N
0 ð½0; TÞ  OÞ
þ or DþT ¼ C
N
0 ð½0; TÞ  %OÞ
þ:
Then, (3.1) is also valid with G ¼ G1wþ G0ð1 wÞ for any sA½m1; m0
; for any xADþT ;
and for some wAHððgðuÞ  gðm1ÞÞ
þ þ gðm1Þ  gðsÞ  ðgðuÞ  gðm0ÞÞ
þÞ:
Proof. Let i ¼ 0; 1: We prolong ðgðuÞ  gðmiÞÞ
þ; F ; Gi by 0 outside of ½0; TÞ  O: Let
rn be a standard sequence of molliﬁers in R
N and deﬁne
gin ¼ ðgðuÞ  gðmiÞÞ
þ
*rn; Fn ¼ F *rn;
Gin ¼Gi *rn; g
0
in ¼ ðg0  gðmiÞÞ
þ
*rn;
where * denotes the convolution in R
N : Let us deﬁne Dþ ¼ CN0 ð½0; TÞ  R
N Þþ if
DþT ¼ C
N
0 ð½0; TÞ  %OÞ
þ and Dþ ¼ CN0 ð½0; TÞ  OÞ
þ if DþT ¼ C
N
0 ð½0; TÞ  OÞ
þ: Then,
for any xADþ
Z T
0
Z
RN
fginðxt þ e  rÞ þ Fn  rzþ Ginzg dt dxp
Z
RN
g0inzð0Þ dx: ð3:2Þ
Let xADþ and let k be a smooth function on ½0; TÞ  RN such that 0pkp1: Set
z ¼ xk in (3.2) with i ¼ 1 and then set z ¼ xð1 kÞ in (3.2) with i ¼ 0: Adding these
resultant inequalities, we get
Z T
0
Z
RN
fðg1n  g0nÞððxkÞt þ e  rðxkÞÞ þ g0nðxt þ e  rxÞ þ Fn  rx
þ G1nkxþ G0nð1 kÞxg dt dx
p
Z
RN
fðg01n  g
0
0nÞxð0Þkð0Þ þ g
0
0nxð0Þg dx:
For sAðm1; m0Þ we choose k ¼ Heðg1n þ gðm1Þ  gðsÞ  g0nÞ; where HeðrÞ ¼ 0 if
rp0; HeðrÞ ¼ r=e if 0oroe; HeðrÞ ¼ 1 if rXe: Letting e-0 we get that with
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kn ¼ H0ðg1n þ gðm1Þ  gðsÞ  g0nÞ
Z T
0
Z
RN
fðg1n þ gðm1Þ  gðsÞ  g0nÞ
þ þ g0nÞðxt þ e  rxÞ
þ Fn  rxþ G1nknxþ G0nð1 knÞxg dt dx
p
Z
RN
fðg01n þ gðm1Þ  gðsÞ  g
0
0nÞ
þ þ g00ngxð0Þ dx:
Then, by letting n-N we ﬁnd that g1n þ gðm1Þ  gðsÞ  g0n converges to ðgðuÞ 
gðm1ÞÞ
þ þ gðm1Þ  gðsÞ  ðgðuÞ  gðm0ÞÞ
þ in L1ðð0; TÞ  RN Þ; ðg01n þ gðm1Þ  gðsÞ 
g00nÞ
þ converges to ððg0  gðm1ÞÞ
þ þ gðm1Þ  gðsÞ  ðg0  gðm0ÞÞ
þÞþ in L1ðRN Þ and kn;
or at least a subsequence, converges to some w in w*-LNðð0; TÞ  RN Þ: Since H is
maximal monotone in L1  LN; it follows that wAHððgðuÞ  gðm1ÞÞ
þ þ gðm1Þ 
gðsÞ  ðgðuÞ  gðm0ÞÞ
þÞ: Thus we obtain (3.1). &
As in [8] we set
E ¼ frARðbÞ; b1ðrÞ is not a singletong
and
F ¼ frARðgÞ; g1ðrÞ is not a singletong:
Lemma 3.2. If u is a weak solution of (E), then f ¼ 0 a.e. on
fðt; xÞAQ; uðt; xÞAb1ðEÞ-g1ðF Þg:
Proof. Note that E and F are countable; so we may write E ¼
SN
k¼1frkg and F ¼SN
j¼1fsjg: By (2.2) we have that gðuÞ; bðuÞ and fðuÞ are constant on the set
fðt; xÞAQ; uðt; xÞAb1ðtkÞ-g1ðsjÞg: Hence, f ¼ @gðuÞ=@t  DbðuÞ þ div fðuÞ ¼ 0 a.e.
on the set
SN
k¼1
SN
j¼1fðt; xÞAQ; uðt; xÞAb
1ðtkÞ-g1ðsjÞg ¼ fðt; xÞAQ; uðt; xÞAb1
ðEÞ-g1ðF Þg: &
Lemma 3.3. Any weak solution of (E) is a pre-entropy solution, that is, (1.1) and (1.2)
hold for any ðs; xÞAR CN0 ð½0; TÞ  OÞ
þ:
Proof. Let sAR and i ¼ 0; 1: If bðsÞeE; then it follows from [8, Lemma 5] that (1.1)
and (1.2) hold for any xACN0 ðð0; TÞ  OÞ
þ: Take any sAR with bðsÞAE and let
b1ðbðsÞÞ ¼ ½m1; m0
: If mi is ﬁnite, there exists a sequence fsing such that s
0
n >
m0; s1nom1; bðsinÞeE; sin-mi and H0ðu  sinÞ-Hiðu  miÞ a.e. in O: Then, passing
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n-N in (1.1) with s ¼ sin yieldsZ
Q
Hiðu  miÞfrbðuÞ  rx ðfðuÞ  fðmiÞÞ  rx
 ðgðuÞ  gðmiÞÞxt  f xg dt dxp
Z
O
ðg0  gðmiÞÞ
þxð0Þ dx ð3:3Þ
for any xACN0 ð½0; TÞ  OÞ
þ: If m0 ¼N and m1 ¼ N; then H0ðu  m0Þ  0 and
H1ðu  m1Þ  1; hence (3.3) is still valid because u is a weak solution. For later use
we here remark that (3.3) also holds for any xACN0 ð½0; TÞ  %OÞ
þ provided miX0:
Note that for i ¼ 0; 1
Hiðu  miÞfrbðuÞ þ f
ð1ÞðbðmiÞÞ  f
ð1ÞðbðuÞÞ
þ ðfð2ÞðbðmiÞÞ  f
ð2ÞðbðuÞÞÞgðuÞg
¼ H0ðu  sÞfrbðuÞ þ f
ð1ÞðbðsÞÞ  fð1ÞðbðuÞÞ
þ ðfð2ÞðbðsÞÞ  fð2ÞðbðuÞÞÞgðuÞg: ð3:4Þ
Taking account of (2.2) and (3.4) we apply Lemma 3.1 with
e ¼ fð2Þðbðm0ÞÞ ¼ f
ð2Þðbðm1ÞÞ ¼ f
ð2ÞðbðsÞÞ;
F ¼H0ðu  sÞfrbðuÞ þ f
ð1ÞðbðsÞÞ  fð1ÞðbðuÞÞ
þ ðfð2ÞðbðsÞÞ  fð2ÞðbðuÞÞÞgðuÞg;
Gi ¼ Hiðu  miÞf
to get Z
Q
H0ðu  sÞfrbðuÞ  rx ðfðuÞ  fðsÞÞ  rx
 ðgðuÞ  gðsÞÞxt  f w1xg dt dxp
Z
O
ðg0  gðsÞÞ
þxð0Þ dx; ð3:5Þ
where w1 ¼ H0ðu  m0Þð1 wÞ þ H1ðu  m1Þw for some wAHððgðuÞ  gðm1ÞÞ
þ þ
gðm1Þ  gðsÞ  ðgðuÞ  gðm0ÞÞ
þÞ: It is, however, easy to see that w1AHðu  sÞ if u >
m0 or uom1 and that w1AHðgðuÞ  gðsÞÞ ¼ Hðu  sÞ if m1pupm0 and gðuÞeF :
Hence, according to Lemma 3.2 we have that f w1Af H˜ðu  sÞ for some H˜ðu 
sÞAHðu  sÞ:
Now, for any sA½m1; m0Þ there exists a sequence fsng such that sosnom0 and
sn-s: Then H˜ðu  snÞ-H0ðu  sÞ and H0ðu  snÞ-H0ðu  sÞ a.e. in O; hence, letting
K. Kobayasi / J. Differential Equations 189 (2003) 383–395390
n-N in (3.5) with s ¼ sn yieldsZ
Q
H0ðu  sÞfrbðuÞ  rx ðfðuÞ  fðsÞÞ  rx
 ðgðuÞ  gðsÞÞxt  f xg dt dxp
Z
O
ðg0  gðsÞÞ
þxð0Þ dx:
Thus, (1.1) holds for any ðs; xÞAR CN0 ð½0; TÞ  OÞ
þ:
Similarly, we can prove that (1.2) holds for any such ðs; xÞ: &
The next lemma is crucial to our argument.
Lemma 3.4. Any pre-entropy solution of (E) satisfiesZ
Q
H˜þðuÞfðrbðuÞ  fðuÞÞ  rx gðuÞxt  f xg dt dxp
Z
O
gþ0 xð0Þ dx ð3:6Þ
and Z
Q
H˜ðuÞfðrbðuÞ  fðuÞÞ  rx gðuÞxt  f xg dt dx
X
Z
O
g0 xð0Þ dx ð3:7Þ
for any xACN0 ð½0; TÞ  %OÞ
þ and for some H˜7ð7uÞAHð7uÞ:
Proof. We assume that u ¼ uðt; xÞ is a pre-entropy solution of (E). Let z ¼ zðt; x; s; yÞ
be a smooth function in R2Nþ2 such that
ðs; yÞ/zðt; x; s; yÞACN0 ðð0; TÞ  %OÞ
þ for each ðt; xÞAQ;
ðt; xÞ/zðt; x; s; yÞACN0 ð½0; TÞ  OÞ
þ for each ðs; yÞAQ: ð3:8Þ
Let Z ¼ Zðs; yÞACN0 ðQÞ
þ: Then, from the deﬁnition of pre-entropy solution we haveZ
QQ
H0ðuÞfðrbðuÞ  fðuÞÞ  ðrxzþryzÞ
 gðuÞðzt þ zsÞ  f zgZ dt dx ds dy
p
Z
ðf0gOÞQ
gþ0 zZ dx ds dy

Z
QQ
fðrxbðuþÞ  fðuþÞÞ  ryZ gðuþÞZsgz dt dx ds dy: ð3:9Þ
Now let xACN0 ð½0; TÞ  CÞ
þ; where C is a bounded open cylinder in RN for which
either CCO or C-@O is a part of the graph of a Lipschitz continuous function.
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Then there exists a sequence of molliﬁers sc deﬁned on R with supp scCð2=c; 0Þ
and there exists a sequence of molliﬁers rn deﬁned on R
N such that
x/rnðx  yÞAC
N
0 ðOÞ for each yAC-O:
The function zðn;cÞ deﬁned by
zðn;cÞðt; x; s; yÞ ¼ xðt; xÞrnðt  sÞscðt  sÞ
satisﬁes (3.8) and
rxz
ðn;cÞ þ ryz
ðn;cÞ ¼ rnscrxx; z
ðn;cÞ
t þ z
ðn;cÞ
s ¼ xtrnsc:
Using zðn;cÞ as a test function z in (3.9) and passing to the limit with n; c-N; we haveZ
Q
H˜þðuÞfðrbðuÞ  fðuÞÞ  rx gðuÞxs  f xgZ ds dy
p
Z
Q
fðrbðuþÞ  fðuþÞÞ  rZ gðuþÞZsgx ds dy ð3:10Þ
for some H˜þðuÞAHðuÞ; where, in the integrals in (3.10), u; x and Z are regarded as
functions in s and y:
On the other hand, from the deﬁnition of pre-entropy solution we also haveZ
Q
fðrbðuþÞ  fðuþÞÞ  rz gðuþÞzt  H0ðuÞf zg dt dxp0
for all zACN0 ðQÞ
þ: This inequality implies that divfrbðuþÞ  fðuþÞg  ð@=@tÞgðuþÞ
becomes a Radon measure on Q: Therefore, the right-hand side of (3.10) can be
written as Z
Q
divððrbðuþÞ  fðuþÞÞxÞ 
@
@t
ðgðuþÞxÞ
	 

Z dt dx:
Thus, passing to the limit in (3.10) with Z-1 on Q; we obtainZ
Q
H˜þðuÞfðrbðuÞ  fðuÞÞ  rx gðuÞxt  f xg dt dx
p
Z
Q
divððrbðuþÞ  fðuþÞÞxÞ 
@
@t
ðgðuþÞxÞ
	 

dt dx
¼
Z
O
gþ0 xð0Þ dx þ
Z T
0
Z
@ðO-CÞ
ðrbðuþÞ  fðuþÞÞ  xn dHN1: ð3:11Þ
Here we used the result in [10, Theorem 2.2], and n is the outward unit normal to
@ðO-CÞ and HN1 is the usual ðN  1Þ-dimensional Hausdorff measure (e.g. see
[11]). We recall from [10] that the second integral on the right-hand side of (3.11) is
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deﬁned by
Z T
0
Z
@ðO-CÞ
ðrbðuþÞ  fðuþÞÞ  xn dt dHN1
¼ ess: lim
t-þ0
Z T
0
Z
@ðO-CÞ
ðrbðuþ3CtÞ
 fðuþ3CtÞÞx  ðnt3CtÞJCt dt dHN1;
where CtðÞ ¼ Cð; tÞ with a Lipschitz deformation C : @ðO-CÞ  ½0; 1
-O-C; nt
is the outward unit normal to Ctð@ðO-CÞÞ and JCt denotes the Jacobian of Ct:
Choose a deformation C of @ðO-CÞ and pARN with the following properties: If
t > 0 is sufﬁciently small, then CtðxÞ ¼ x þ tp; ntðCtðxÞÞ ¼ nðxÞ and p  nðxÞo0 for
each xAðC-@OÞ\Nt for someHN1- measurable set Nt whoseHN1-measure is less
than t: Since bðuþÞAL2ð0; T ; H10 ðOÞ
þÞ; it follows that
lim sup
t-þ0
Z T
0
Z
@O-C
rbðuþ3CtÞ  p dt dHN1X0;
which deduces
lim sup
t-þ0
Z T
0
Z
@ðO-CÞ
rbðuþ3CtÞ  ðnt3CtÞxJCt dt dHN1
¼ lim sup
t-þ0
Z T
0
Z
@O-C
rbðuþ3CtÞ  nx dt dHN1p0:
Hence, we have
Z T
0
Z
@ðO-CÞ
ðrbðuþÞ  fðuþÞÞ  nx dt dHN1
p lim sup
t-þ0
Z T
0
Z
@O-C
fðuþ3CtÞ  nxJCt dt dHN1: ð3:12Þ
Now by virtue of (H2) we have that for any e > 0 there exist a constant CeX0 and
a continuous function r :Rþ-Rþ with rð0Þ ¼ 0; which is independent of e; such that
jfðrÞjprðeÞ þ CebðrÞ2 for all rAR:
Indeed, we may assume that bð7r0Þa0 for some r0 > 0: Let rþe ¼ minfr; bðrÞ ¼ eg
and re ¼ maxfr; bðrÞ ¼ eg: Then, it sufﬁces to put
rðeÞ ¼ max
jsjpe
jfð1ÞðsÞj þ max
re psprþe
jfð2ÞðbðsÞÞgðsÞj
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and
Ce ¼ e2 max
jsjpr0
jfðsÞj:
Noting that bðuþÞ2AL1ð0; T ; W 1;10 ðOÞÞ; we see that the right-hand side of (3.12) can
be estimated from above by
CrðeÞ þ Ce
Z T
0
Z
@O
bðuþÞ2 dt dHN1 ¼ CrðeÞ:
Letting e-0; we obtain from (3.10)–(3.12) that for any xACN0 ð½0; TÞ  CÞ
þ;Z
Q
H˜þfðrbðuÞ  fðuÞÞ  rx gðuÞxtf xg dt dxp
Z
O
gþ0 xð0Þ dx: ð3:13Þ
Now let fCig
k
i¼0 be bounded open cylinders such that OC
Sk
i¼0 Ci; C0CO and for
iX1; Ci-@O is a part of the graph of a Lipschitz function. Let fjigki¼0 be a partition
of unity subordinate to the covering fCig: Let xACN0 ð½0; TÞ  %OÞ
þ and let xi ¼ xji:
Since xiACN0 ð½0; TÞ  CiÞ
þ; it then holds that (3.13) is valid for xi instead of x: By
adding the resultant inequalities with respect to i we obtain the desired inequality
(3.6).
Similarly, we obtain (3.7). &
We are now in a position to prove our main theorem.
Proof of Theorem 2.1. By virtue of [8, Lemma 5] and Proposition 3.3 above it sufﬁces
to prove (1.1) and (1.2) for every ðs; xÞARþ  CN0 ð½0; TÞ  %OÞ
þ such that bðsÞAE:
From now on we ﬁx such s and x and let b13bðsÞ ¼ ½m1; m0
: We shall follow the
same argument as in the proof of Lemma 3.3. As was remarked there, (3.3) also
holds for every xACN0 ð½0; TÞ  %OÞ
þ provided miX0: However, we always have that
m0X0: On the other hand, by taking account of Lemma 3.4 we haveZ
Q
H˜þðu  mþ1 ÞfrbðuÞ  rx ðfðuÞ  fðm
þ
1 ÞÞ  rx
 ðgðuÞ  gðmþ1 ÞÞxt  f xg dt dxp
Z
O
ðg0  gðmþ1 ÞÞ
þ dx
for some H˜þðu  mþ1 ÞAHðu  m
þ
1 Þ:
Thanks to these inequalities, the proof is the same as that of Lemma 3.3 except
that m1 and H1 are replaced by m
þ
1 and H˜þ; respectively. Consequently, we obtain
(1.1) for any ðs; xÞARþ  CN0 ð½0; TÞ  %OÞ
þ:
Similarly, (1.2) can be proved for any such s and x: Thus, the proof of the main
result is complete. &
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